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Problem Set B
Seperable and exact ODFEs

Homework

Exercise 1:
Solve the following ODEs:
(a) y'siny+xz=0 (b)) ¢y =-dxJy—1 for y>1 () y(1+a2¥z+2y=0

Solution:

(a)

y'siny+z = 0
d
—y~siny+x = 0
dx
dy T
de siny
siny-dy = —z-dz
/siny-dy = —/x-dm
L o
—cosy = —5u +C
L o
cosy = 3 +C
L 5
y(z) = arccos 5% +Ci1), CieR

y = —day—1 y>1

= —dav/y—1
dx VY
d
Y = —Azxdzx
y—1
dy /
= — [ 4dxdx
Vy—1
2/y—1 = —222+C
y—1 = —224C, daJy—1>0=0<2’2<C,
y = 14(C1—2%)?

Deviding by +/y — 1 the additional constant solution y = 1 has been lost.

(z) = 14+ (Cy —2?)? fir |z| <Oy
g\ = 1 fir |2| > /Oy



y(1+aHe+2y = 0

PR
(14 x?)
dy  _ 2y
de — z(l+422?)
dy dx
2y z(1+a?)

Jo = Jam Ll

1 1
§1n|y| = —ln|x|+§ln(1+x2)+C
2 2 2 14 a?
Inlyy = —2hjz|+n(l+2°)+C;=—-In(z*)+In(l+2°)+C=1In = +C
1 2 1 2
y = 4. —1—2;10 =Cy- +2x
x x
Alternatively, use the integral
/ dz 1 ! a® + 22
S PO (e el
z(a? + 2?) 2a? x?
Exercise 2:
Solve the following ODEs by substitution:
dy T+y

() =dr—y (b)) ay =ylnly) ~In(@) for wy>0 () or=-g ot

Solution:

(a)

/

y = 4dx-y
Subst. z == dox—y=2=4—y =y =4-2
dz dz
41— = oy —d
z g 2= x
d
/ SE— /dx:>—ln|4—z|:x+0
4—z
4—z = Cie®
z = 476’1672j
z = dr—y=>y=drx—z=4x—4+4+Cie "
(b)
r o Yy
xzy = y(ny—Inz)=yln (;)
y = gln(g> Subst. z := 2 Yy =zx
x x x
d d
y=Zz+z = zlnzéz’x:z(lnz—l)éz(lTZ_l):%
/ dz B / 1dz _ [d=
z(lnz—1) nz—-1 ) =
In(lnz—1) = Ilnz+C Zihler = Ableitung Nenner
Inz—1 = Cy -z
Inz = Cy-x+1
y = eClx—i-l
y = xz=ge?®!

(c) see sheet



Exercise 3:

Solve the following initial value problems:
(a) v?y' +22 =1 withy(2)=1
(b) z(z+1)y =y withy(1) =3
Solution:

(a)

1 1
2y 2? 1:>y2dy:(1—:v2)dx:>gy?’:x—gx?’—i—C

P = 3x—2343C=>y=V3zx—23+3C
IVPy(2) = Y6-8+3C=1=C=1

y = V3r—a3+3
(b)
dy dx dx dx
1)y = = 2 = =
z+ 1y Y y xzx+1) 2z x+1
Inlyy = Injz|—Injz+1]+C
y = e11(1|a:|—11f1|;E-‘,-l|-‘,—C’ _ €C . |ZC‘
|z + 1]
x
= = C
Y lx—i—l
1 1
VP y(1) = Ci-5=5=Ci=1
B x
v z+1

Exercise 4:

Check if the following ODEs are exact or can be made exact by an integrating factor. If possible solve
the ODE.

(a) (ePHxy)de+ (20°—y*)dy =0 (b) y(2e*’+1)y'+a(y'+1) =0  (c) 2wy'+3z+y =0

Solution:
(a)
(2% + day)dr + (22° —y*)dy = 0

P(x,y) =2 +day = g—j =dx

Qz,y) =22% —¢* = g—g =4z
- -3

u(z,y) = /P(amy)d:c = /(332 + day)dz = %x3 + 222y + uy (y)
Z—J; = Qz,y) =222 — 4?2 :2x2+%

= % =y’ = uy) = *éyz”

1 1 .
= u(z,y) = §x3+2x2y—§y3:0 — 22+ 622y —yP =4



